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Virasoro Algebra and the Point-Splitting 

M. ChaichianF] and P. Presnajderf] 
Abstract 

It is shown that a particular g-deformation of the Virasoro algebra can be interpreted in terms 
of the q- local field and the Schwinger-like point-splitted Virasoro currents, quadratic 
in The g-deformed Virasoro algebra possesses an additional index a, which is directly 

related to point-splitting of the currents. The generators in the (/-deformed case are found 
to exactly reproduce the results obtained by probing the fields X(z) (string coordinate) and 
$(2;) (string momentum) with the non-splitted Virasoro generators and lead to a particular 
representation of the SU q (l, 1) algebra characterized by the standard conformal dimension 
J of the field. Some remarks concerning the g-vertex operator for the interacting g-string 
theory are made. 
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1 Introduction 



The conformal mappings of a complex plane C belong to a classical part of mathematics 
which has found various applications in physics. One of the recent promising applications is 
related to conformal field and string theories, leading to a better understanding and to new 
methods in 2D-quantum field theory (see |L|). 
The conformal mappings of a complex plane C 

oo 

Z -> Z ' = Z - an*™ (!) 

71=0 

are generated in the neighborhood of identity mapping by differential operators 

Cn = -z n+1 d z , n = 0,l,2,... , (2) 

acting on a suitable set of holomorphic functions $(2), z G C. They form a basis of the 
Witt algebra and satisfy the commutation relations 

[£ n ,£m] = {n-m)C m +m , n,rn= 0,1,2, ... . (3) 

The Virasoro algebra is obtained by extending the commutation relations to all n,m G Z, 
followed by a central extension of the algebra. Denoting the generators of the Virasoro 
algebra by L n , n G Z, their defining relations are 

[L n ,L m ] = {n-m)L m+m + — (n 3 - n)5 n+mfl , n, m = 0, ±1, ±2, . . . . (4) 

where c is the central element commuting with all L n . We would like to stress that in 
any irreducible representation c can be put to be a constant, which is real in the unitary 
representation = L_ n . 

The unitary irreducible representations of the Virasoro algebra are well known, 0, 0. 
The simplest one is given by the Sugawara construction of L n in terms of an infinite set of 
free bosonic operators a n , a+ = a_ n , n = 1, 2, . . ., satisfying the commutation relations 

] — nSn+mfl (5) 

(here we have excluded the zero modes inessential for us) . The Sugawara formula for L n 
reads 

L n = --J2:a k a m :5 k+m , n , (6) 
1 



where the summation goes over k,m = ±1,±2, ... (and this convention is used in what 
follows too). The Sugawara formula (6) leads to the unitary irreducible representation of 
the Virasoro algebra (4) with c = 1. 
Introducing a primary free field 

X(z) = Y,-a n z~ n , (7) 
n 

one can straightforwardly show that 

[L n ,X(z)} = (£ n X){z) , (8) 

where C n is the differential operator given in (2). Thus, the adjoint action of L n on the field 
X(z) realizes the centreless Virasoro algebra in terms of differential operators C n , n G Z, 
given explicitly in (2). The differential operators on r.h.s. of (8) depend on the conformal 
dimensions of the fields in question. If the field A(z) has the conformal dimension J, then 

[L m ,A(z)} = (£ J m A)(z) , (9) 

where (see U) 

C J m = -z m+1 d z + mJz m . (10) 

This can serve as the definition of the conformal dimension J. For example, the field X(z), 
the string coordinate, has J = 0, whereas the field 

= £ a n z~ n , (11) 

the string momentum, has J = 1. This is an important field, which allows to express the 
Virasoro current (related to the string energy - momentum) as 

L(z) = £ L m z~™ = ~ : $ 2 (.) : . (12) 

Note: Putting A(z) = z~ J A(z), we obtain 

[L m ,A(z)} = (£ J m A)(z) , (13) 

with 

C J m = -z m+1 d z + {m + l)Jz m . (14) 
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For m = 0, ±1, we recognize in (14) the Lie algebra representation of the group SU(1, 1) (or 
its covering SU(1, 1)) from the discrete series with the Bargmann index J. The transforma- 
tions generated by C 3 m (or £^J, m = 0, ±1, correspond to the Mobius subset of conformal 
mappings. 

In mathematics and physics it is of great importance to construct and interpret the (g- 
) deformations of various algebraic structures. In the case in question there are a few different 
g-deformations of the infinite algebras introduced above. Let us mention two of them. 

The first one is related to the g-deformation of the Witt algebra (see [|J- 0) and is given 
by the formula 

Lg z = -4- p(g 2 ) - 1) , m G Z , (15) 

where u(q) = g — g™ 1 and D(q) is the dilatation operator acting on a suitable set of functions 
as D(q)<&(z) = $(zg), q - (real) parameter. The relation D(q a ) = D a (q) holds. The set of 
operators Cg z ', m G Z, satisfies the g-commutation relations 

where [x] = to(q x )/u(q). The analogue of their central extension was found by 0, || and 
||. The Harish- Chandra modules of the extended algebra were recently classified in [CT, 
but the g-analogue of Sugawara construction is still missing. 

However, the operators , m G Z, do not close under the commutation and an addi- 
tional index a G Z is needed. Putting 

£ a m = ~TT il^D(q a ) - q-^D(q- a )] , m, a G Z , (17) 

we obtain the commutation relations 

= £[1 (am' - aWm)} [ ° + jffi t%£f . («) 
, z [a\ [a a \ 



where the summation runs over a' = ±1 (see ['I 1 



In [|12j we found the central extension of the algebra (18) based on the g-analogue of Sug- 
awara construction in terms of a system of fermionic oscillators b r , = 6_ r , r = 1/2, 3/2, . . ., 
satisfying the standard anticommutation relations 

[b r ,b s ) + = 5 r+Sj0 . (19) 
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The operators satisfying the commutation relations (18) are given as 

L a m = L~« = ^yE^ (S " r)/2 : b rbs : <W , (20) 

where the summation is over r,s = ±1/2, ±3/2, . . .. 
This allows us to introduce the free fermionic field 

and to express the Virasoro currents 

L a (z) = E^" m (22) 

as bilinear expressions in *&(z) and their g-deformed derivative. This approach was used by 
]T3| , in order to develop the operator product expansion (OPE) techniques for the g-deformed 
Virasoro algebras. 

However, we need a bosonic realization of the g-analogue of Sugawara construction in 
order to perform a g-analogue of the program described in the first part of the introduction. 
Such a realization we proposed in [0 and it led to a central extension of a slightly more 
complicated g-Witt algebra as in (18). This is our starting point in the present article. 

Using a proper infinite set of bosonic oscillators proposed in \T2\, we introduce the q- 



analogues of the fields X(z) and 3>(z), and we show that the additional index a corresponds 
exactly to the point-splitting of the arguments of fields entering the Virasoro current (12). 
The point-splitting approach to singular expressions was proposed by Dirac and Peierls . 
2~3fl in early days of QFT. Schwinger used it systematically in order to regularize the bilinear 



expressions in fields (e.g. the currents) in QFT, [24|. Calculations based on point-splitting 
were performed in QED (see |23J], P5| , fl2"B| ) and recently in the framework of standard model 
|3 and 



sec 



In Sect. 2 we demonstrate how the g-deformation of the set of bosonic oscillators leads 
to the point-splitting of Virasoro currents. In Sect. 3 we introduce the notion of the (g- 
)conformal dimensions into our scheme. We show that the basic features of the proposal 
in [|15J concerning the SU q (l, 1) deformation of the SU(1, 1) symmetry of Mobius mappings 
actually take place. Finally, Sect. 4 contains the concluding remarks. 
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2 deformed Sugawara construction and current point- 
splitting 



We start, like in 12 , from the infinite set of bosonic operators a n ,a^ = a_ n , n = 1,2, 



satisfying the commutation relations 

[a n ,a m ] = [n]5 n+mfi . (23) 

iFiom this system of oscillators we construct the auxiliary fields, string coordinate and string 
momentum by 

x(z) = Y.h a - Z ~ n = x ( z ) > ( 24 ) 



1 

\n 

and 



$(z) = £ a„ = ■ (25) 

The particular n-dependent factor on r.h.s. of (23) and in (24) has the consequence that 
X and $ fields do not satisfy the standard commutation relations but the deformed ones: 

[X(z),X(w)} = £ JL(^)» . (26) 

[X(z),$H] = z^-w) , (27) 

[$(z),$H] = -4r - zg- 1 ) (28) 
where we have introduced the 5-function by 

s(z-w) = -E(-r = -E(-r • (29) 

w z z w 

We stress that the r.h.s. of (26) can be expressed as an infinite series of 5-functions: S(w — 
zq k e Z. If we adopt the terminology that a field is q-local when the r.h.s. of its 
commutator contains a finite number of terms S(w — zq n ), n e Z, then we see that the field 
$(z) is local, whereas X(z) is not. 

Note: This is consistent with the standard string theory: for q — ► 1, the r.h.s. of (28) 
approaches 5'(z — w), whereas the r.h.s. of (26) in this limit has the sign function e(z — w). 

In |12| we introduced a bosonic realization of the g-Sugawara generators by defining 



Kn = L~ a = l -Y. V a{n ~ k)l2 ■ : S k+ n,m , (30) 



and we showed that they satisfy the commutation relations 

[L« , L^} = ^ £[^(m -m'- m'aa + ma'a 1 } L™+^ + C.T. , (31) 

where the symbol C.T. denotes the central term which is inessential for our purposes (it can 
be found in [fL2]0. The summation in (31) runs over a, a' = ±1 (i.e., it contains four terms 
compared with two in the fermionic realization (18)). It is important to mention that the 
introduction of the index a is inevitable. For a G Z the algebra (31) closes (the minimal set 
for which (31) closes is formed by a - odd integer). 
Introducing now the Virasoro currents 

L a (z) = = z 2 L a (z) , (32) 

one can straightforwardly derive the g-analogue of (12): 

L a {z) = - : <5>(zq a l 2 )<S>(zq~ a l 2 ) : , (33) 

L a (z) = l - : $(zq a/2 )$(zq- a/2 ) : . (34) 

We see that the additional index a directly measures the splitting of arguments of the fields 
entering the Virasoro currents. Recalling that the unit circle \z\ = 1 is related to the light- 
cone local string world sheet parameters, the point-splitting (33) (or (34)) can be interpreted 



as the Schwinger point-splitting JTj] of the currents in complex direction in the complexified 
2D space-time. 

using the commutation relations (28), one can easily show that all fields of the form 

: $(zq ai ) . . . <5>(zq aN ) : , N = 1,2,... , (35) 

are mutually g-local, i.e. their commutators contain finite linear combinations of terms 
containing the 5-functions 5(w — zq n ), n£Z. In particular, 

[L a (z),L a (w)] = — [<H^<r ffV/2 -z? 1 - ra/2 )Z raVa ' +1 (2? (lVa ' )/2 ) 

- 5(wq-°' a ' /2 - zg -WJ)^+i( Z j-(iV<0/2 + CT (36 ) 
and this is in full agreement with (31). 
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Instead of using commutators, the OPE formalism can be developed along similar lines 
as in the usual nondeformed case (q = 1). We shall not pursue this point but instead we 
shall introduce in the next section the notion of conformal dimension into our model. 

Note 1: There are different approaches motivated by g-affme algebras fl£|,[17|, [18 



in 



which the canonical realizations contain an infinite set of oscillators satisfying commutation 
relations similar to (23) but with more complicated functions on r.h.s. This can lead to a 
more complicated regularization of the current (terms proportional to q ±m are responsible 
for point splitting, factors containing n for derivatives, etc.). Our choice is very simple, and 
this is the reason why it leads to the pure point-splitting. 

Note 2: We would like to stress that the Virasoro currents (22) investigated in [0 are 
expressed in terms of a local fermionic field ^f(z), 

_ _ 7/; 

[*(*),*(«;)]+ = J2(-) n = w6(z-w) , (37) 
but they themselves are expressed in the splitted form 

L a {z) = -gjjj^ : %<f /2 )%<T Q/2 ) : ■ (38) 
If instead of (19) one starts from the fermionic oscillators satisfying 

[K,b s ] + = \(q r + q- r )5 r+ s, , (39) 
one arrives at the g-local fermionic field satisfying 



n 



= —^(w-zq' 1 ) + 5(w-zq)]. (40) 

However, the formula (38) for the splitted currents remains unchanged. Of course, the 
q- Virasoro algebra becomes more complicated, and up to sign corrections on r.h.s., it is 
identical to (36). 

3 Splitted Virasoro algebra and (/-conformal dimen- 
sions 



The notion of generalized q-conformal Ward identities was introduced and investigated in 
1 375 1 _ One of the basic points has been the extension to the g-deformed case of the notion of 
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conformal weight J, defined in the non-deformed case either by 

[L m ,A(z)] = (£ J m A)(z) , 
C J m A{z) = [-z m+1 d z + mJz m }A{z) , (41) 

or for A(z) = z~ J A(z) by 

[L m ,A(z)} = (C J m A)(z) , 

C J m A{z) = [-z m+1 d z + {m + l)Jz m ]A{z) . (42) 

The subset of operators m = 0, ±1, just corresponds to the irreducible representation 
of SU(1,1) group (from a discrete series of unitary representations with the Bargmann index 
J). 



The idea in |Lo] was to use instead of this representation the g-deformed analogue given 

as 

C J +l A{z) = -±-\ q ^ D{q) - q- 2J D{q- l )]A{z) , 
uj{q) 

Ci.Aiz) = ^~AD{q) - D(q- l )]A(z) , 
u{q) 

iClA{z) = q J D(q)A(z) . (43) 
These operators satisfy the SU q (l, 1) - algebra relations 

jpj r J ±1 rJ i~J 

/v 'o*-'±i - y ^±1^0 > 

= --k^ 2 - mr 2 \- (44) 

u(q) 

Equivalently, one can use the fields A (z). Then the operators JCq, C J ±l1 satisfying (44) are 
given as follows : 

IC J A(z) = D(q)A(z) , 
ClA{z) = z m [Vi(q) - VHq-^Aiz) , (45) 

where 

„mj 

= D(q) . (46) 



Note: The restriction to the Mobius subgroup of mappings made in ]T5| was caused by 



the fact that the SU(1, 1) algebra has the well defined deformation (as a Hopf algebra) to 
SU g (l, 1), whereas for the Virasoro algebra such a deformation is not known. 



In our model we have at our disposal the set of generators L^. We can calculate the 
commutators [L^, A(z)] for some particular chosen A(z) to see whether eqs. (45) are satisfied 
or in what way they are modified. 

Let us take first for A(z) the elementary fields X(z) and $(z). Using eqs. (23) and (30) 
we obtain 

„— era' am/2 

[Ll,X{z)\ = z m E o {a , X(zq—'+°) 

„-am/2 „am/2 

= z m X(zq-*») + ?—r X(zq^) + (q -> q' 1 )} , (47) 

where the summation runs over a, a' = ±1, and the (q — > q^ 1 ) denote terms written down 
inside the curly brackets but with q replaced by q^ 1 . Similarly, 

n am — <t<t' am/ 2 

[LlMz)\ = z m E q Mqa) Hzq-«™' + °) 

„m-om/2 „ra+am/2 

= ^ { ~Mqf + h^q)' + (« 9" 1 )} • (48) 

We see that the action of on the fields = and §{z) can be realized in terms 

of infinite matrices over the space 

Vi(A) = Span{Ap(z,q) = A{zq f3 ) JeZ}, 

where A(z) = X(z) or $(z). 

Using the dilatation operator D(q), we can rewrite eqs. (47) and (48) in the form 

„— aa' am/2 

[L a m ,X(z)} = z m E \ 1 a, D(Q- aaa ' +a )X(z) 

a,a> lU) Vl ) 



z m 



and 



K(Q) \{q' am/2 D{q~ a ) + q am/2 D(q a ) }X(z) + (q -> q' 1 ) , (49) 

n am—aa' am/2 

= ^P^(g) ^"^Or") + ^D{^) + (q^q- 1 ) • (50) 

Comparing eqs. (49) and (50) with eqs. (45) we see that for a = we reproduce the result 
of [T5| for J = and J = 1, respectively. For a ^ we have an a-dependent correction 
as a result of the fact that we probe the field in question with corresponding to the 
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splitted Virasoro currents. It is therefore reasonable to assign to the fields X(z) and $(z) 
the g-conformal dimensions J = and J = 1, respectively. 

As the next interesting possibility we shall investigate quadratic fields of the form &\p 2 (z; q) 
^(zq^)^(zq 132 ), which span the space V 2 (Q>) = Vi(<E>) ® V"i(<E>). We denote V r 2 °($) as the sub- 
space spanned by <&\q 2 (z\ q) with + (5 2 — 0. 

Using the relation 

= [L^M^M*^) + ^{zq^)[L a m M^ 2 )\ , 
and eqs.(48), we obtain 

[Ll,^ 102 (z;q)] 

„m—am/2 

= * m i 1 ^- U m ^ a+1A (z;q) + q m ^l,, M {z-q)} 

.m+nm/2 

+ * m + 9^^^+0+1,(^9)} + (9 ^ 9- 1 )} • (51) 

This equation defines the action of on $^ i/32 (z;q) as an infinite matrix on the space 
Vi($)<g> 

In order to assign the g-conformal dimensions of quadratic fields $p l/32 (z; q), we restrict 
ourselves to fields from V 2 (&) centered around z, and we rewrite the r.h.s. of (51) in the 
form of some difference operators acting on the centered quadratic fields: 

[L a m ,^ 2 (z;q)} 

.m-am/2 

= zm ^JW D ^ (1 " a)/2 )^+a-)/^-(i-a)/ 2 (^9) 

+ $ 1-(1-q)/2,/3 2 +(1-q)/2,( 2; ' 9)} 

+ {^(^ ^(9 (1+a)/2 ){^ 1+( i +a )/ 2 , /32 -(i +a) / 2 (^g) 

+ ^-(l+aJA/Sa+Cl+a)^^;?)} + (? ~> ■ (52) 

This expression can be put into the required form by using q 1 / 2 as the deformation parameter 
instead of q. Using ®} l/h (z] q) = ^% u2/h (z] q 1/2 ) we have: 

[^,*W*;9 1/2 )1 

= ^^(? 1/2 ){?- Qm/2 ^(?- Q/2 )^^^ ll2/ 3 2 (^ 9 1/2 ) 
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+ q am/2 D( q ^)Rl-^% u2 , 2 (z-, q^)} + (g - g' 1 ) , (53) 
where R 2 ^ is an operator in V 2 ($) defined as 

^m Q$ 2/3i,2/3 2 ( Z ^ 1/2 ) = 1/2 + g -l/2 ^ft+l-a^-l+oX^ ^ 2 ) 
+ gl/2 _|_ g-l/2 $ 2/3 1 -l+a,2/32+l-a( 2; ! 5 ) ■ 

We see that it is reasonable to assign to the field &p l/32 (z; q) the g-conformal dimensions 
J = 2. The analogous formula is valid for the field Xp i/32 (z;q) with the only change of 
V® m {q x l 2 ) instead of V 2 m {q l l 2 ) in (53). Therefore, we assign to the field Xla{z\q) the con- 
formal dimension J = 0. These values for the g-conformal dimensions have been expected, 
since they are just the same as those in the standard case. However, what was perhaps not 
expected, is the redefinition of the deformation parameter from q to q 1 ^ 2 . 

Note: The procedure described above can be directly generalized to the higher field 
polynomials. The resulting formula for $^ _p N (z; q) = ®n/3 u ...,n(3 n { z 'i q 1 ^) reads: 

[^*V..,W^ 1/JV )] 

= ^ m ^(? 1/W ){?- am/2 ^(?- a/ ^)C' a ^ 1 ,..,^ iV (^ q 1,N ) 

+ (r* /2 ^(^)iC'- a ^ Al ... >JV/Jw («; q l/N )} + (? - Q' 1 ) , (55) 

where R^ a is a linear operator in the space V$(<&) with a similar (but slightly more compli- 
cated) expression as R 2 ^ given in (54). The same formula is valid for X%a(z\ q) but with 
£>° t (g 1//7V ) instead of V^ n (q l l N ) in (55). Therefore, we assign to ®p lm ..p N (z; q) the g-conformal 
dimension J = N, whereas for Xj^ ...p N (z;q), we put J = 0. However, we should recall 
that the deformation parameter in both cases is g 1//Ar , and not q. This result can be easily 
understood: the action of the operator modifies successively the factors q 13 in one of the 
factors in the monomial ^(zq 131 ) . . .^{zq^ N ) to qP ±1±a . This indeed means that the mean 
argument z = (Y[zq^ j ) 1 ^ N of the centered monomial $(^g /31 ) . . . <f>(zq@ N ) is changed by the 
factors g( ±1±a )/ JV ), and this leads to the effective change of the deformation parameter q to 
q 1 '" in (55). 

It is well known that the powers X N (z), and even analytic functions F(X(z)), all have in 
the usual nondeformed case conformal dimension J = 0. However the normal ordering spoils 
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this direct dimension counting and : F(X(z)) : may acquire non-zero conformal dimensions 
(see e.g. 0). The best known example is the (tachyon) vertex function 

V(z,k) = : exp(ikX(z)) : , (56) 

which has the conformal dimension J = \k 2 . 

Of course, the normal ordering modifies formulas like (55) determining the conformal 
dimension (of powers of primary fields X(z) or 3>(z). It would be of much interest to find 
g-deformed analogue of the vertex operator (56) possessing non-zero g-conformal dimension. 
This interesting and well-defined problem is under study. 



4 Comments and conclusions 

In this paper we first show that the particular g-deformation of the Virasoro algebra in- 
troduced previously in |12] can be interpreted in terms of the g-local fields (either bosonic, 
or fermionic) and the splitted Virasoro currents, which are quadratic in the fields. Our q- 
deformed Virasoro algebra possesses one additional index, which is directly related to the 
Schwinger-like point-splitting of the arguments of currents. We have demonstrated how this 
works for the bosonic realization. As well it works also for the fermionic realization pro- 
posed in JT2J and further used in [T3|]. Actually, similar point-splitting would appear in any 



free field realization (Sugawara construction) of currents if in the expressions for the latter 
appear factors such as q ±m (additional powers of m lead to usual derivatives of fields). It 
would be interesting to investigate from this point of view the affme Kac-Moody algebras 
free field realizations |L6j , Jl7j , ]Tj| . 



In this paper we have restricted ourselves to all the constructions with a real deformation 
parameter q. However, there exists a different branch of realizations of various g-deformed 
structures corresponding to the choice of q being root of unity, q = e 2n ^ N (see e.g. fl20f , fl2~I| ). 



In our case this would lead to a particular g-deformation of the Virasoro algebra containing 
only a finite set of generators L^, a, m both integer and \a\, \m\ < N. We have not yet 
investigated this interesting case in detail. 

Naturally, there appears the possibility to extend the point-splitting approach to Virasoro 
superalgebras or to Kac-Moody algebras. We have investigated the superalgebras related to 
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g-deformed (equivalently, splitted) Virasoro algebra. The superalgebras we have found have 
the following structure: let V and L" denote the bosonic and fermionic realization of even 
generators respectively, and let G be the set of odd generators of Virasoro g-superalgebra. 
Then, we obtain that 

[L',L']CL\ [L",L"]CL" , 

[L 1 , G] c G , [L", G\ c G , 

[G, G]CL' + L" , [L r , L"} = . 

However, the structure constants in the bosonic and fermionic realizations appearing in the 
r.h.s. of the above equations are different from each other in contrast to the usual case of 
Virasoro superalgebra. Thus, one can not introduce a single algebra L = V + L" as in 
the non-deformed case. The usual (nondeformed) Virasoro superalgebra generated by even 
generators L and odd ones G has the standard structure 

[L, L] c L , [L,G}=G , [G, G] c L . 

In our scheme this property can not be recovered (except for the g — ^ 1 limit). 

From the point of view of the splitted Virasoro algebra, this unexpected result can be 
understood as follows. The point-splitting introduces a particular regularization into the 
theory, and this regularization forbids the standard supersymmetric extension. Similar fea- 
tures are shared by lattice regularization: it is well known that the supersymmetry can not 
be implemented on a lattice. 

The commutators [L m , A(z)] = L J m A{z), m = 0, ±1, in the nondeformed case are directly 
related to particular representations of the algebra SU(1, 1) characterized just by the con- 
formal dimension J of the field in question. In |Tj| it was proposed to use in the g-deformed 
case the representations of the g-deformed algebra SU q (l, 1) instead of the corresponding 
ones of the SU(1, 1) algebra. We have shown that in our g-deformed model this is indeed 



the case: for the primary fields X{z) and &(z) we exactly reproduce the results of [jnj when 
probing the fields with the non-splitted Virasoro generator L Q m (the splitted generators L^, 
a-splitting leads to a-dependent corrections). The situation is technically more complicated 
for the splitted products of primary fields ^(zg^ 1 ) . . . <&(zqP N ) and X{zq 131 ) . . . X(zq@ N ). How- 
ever, even in this case the corresponding formulas contain all the operators of |T5[ related 
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to the representations of SU q (l, 1) with J = N and J = 0, respectively. Thus we reproduce 
the expected result concerning the conformal dimension of A-fold products, with the only 
difference that the deformation parameter should be g 1//7V instead of q. 

The problem of constructing the q- vertex operator V q (k, X) , i.e. the analogue of V(k, X) = 
exp.(ikX(z)) :, still remains open. In the nondeformed case this function, due to normal or- 
dering, has the conformal dimension J = ^k 2 (despite the fact that X(z) has zero conformal 
dimension) . 

The adjoint action, [L^,A(z)] = C^A(z), leads to various representations (depending 
on J) of the centreless version of the splitted Virasoro algebra. It would be important to find 
the co-algebraic structure of the g-deformed Virasoro algebra in order to understand better 
how various representations are related to each other. In |12|] we have found a non-trivial but 



co-commutative coproduct for the g-deformed Virasoro algebra. A similar co- commutative 
coproduct was proposed in Jl9| but for the centreless Virasoro algebra (18). The problem of 



finding a proper non-cocommutative coproduct still remains unsolved. 

Many formulas in our model become more transparent if one uses directly the splitted 
currents L a (z) = ~ : &(zq a / 2 $(zq~ a / 2 :. As a rule , all commutators of L a (z) with splitted 
polynomials (ordered or nonordered) in the primary fields contain as coefficient functions on 
r.h.s. only the shifted (^-functions 5(z — wq@). Alternatively, the corresponding OPE in the 
coefficient functions contain only the shifted poles (z — wq 13 ) -1 of the first order, which in 
the limit q — > 1 collapse to non-shifted higher order poles [z — w)~ n . 

At present stage, we are able to formulate a free string model with the fields X(z) and 
&(z) as the g-string coordinate and the g-string momentum, respectively. However, to intro- 
duce interaction, we need to construct the q- vertex operator. Yet, this is one of the unsolved 
problems. Nevertheless, we believe that our present attempt and similar models as presented 
here can shed light on the link between g-deformations and splitting and provide with a basis 
for regularization in QFT in general. 
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